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Worksheet 1 Integration in the Wild Modules: A1, A2, A3 


This is the first MAT 187 Worksheet. You do NOT need to work on it before lectorials. However we encourage 
you to spend 5 minutes before the lectorial having a quick look so you know what to expect. 


1. Find the area under the graph of arctan(x) over the interval [0, 1]. A plot helps. Can you name the relevant 
technique(s) of integration and defend your choice(s)? 


2. An application that we might have a closer look at in module B1 yields this integral formula: 


1 
pe | (1 = y)N4 = y’ dy 


where p and g are constants. Assess the integral and determine helpful initial manipulations (e.g. factor- 
ing, expanding, multiplying by conjugates, splitting, completing the square, ...). Then name the relevant 
integration techniques and solve. 
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3. Integrals requiring sophisticated techniques and involving constants are quite common in engineering. 


Example context: Electric field. A total charge of Q is distributed uniformly along a rod of length 


2L. The electric field at a certain point a units away is given by the integral below. 


È 
Find the indefinite integral kQa / ay afterwards, state the value of kua / dy 
2L J (@ +’)? 2L J, (a+ y2)572 


4. Both of the Partial Fraction Decomposition setups below are “nonstandard” for this rational function. 
In what sense? Do they still work? Why or why not? Explain. 


You should be able to consider this without having to solve for A/B/C/D 


3x27 + x + 14 _Ax+B Cx+D 3x7 + x + 14 A B 


W (x +2)(x?-2x+4) x+2 T ae ve (ii) _ 


+ 
(x + 2)(x? — 2x + 4) x+2 x?-2x+4 


5. Bonus: Cycloid. A marble frictionlessly traveling down a ramp in the shape I-a] 
A 


called a cycloid has a descent time of Z Le EE dx where a 
and b are constants. What is the appropriate trig substitution necessary to eval- Ser 
uate this integral? ORT 
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Worksheet 2 Numerical Integration Modules: A4 


1. Consider the integral Is el’ dx. Use the graph of a (er) = 2e!* (2x2 - 1) to determine a number of 
subintervals we need so that the trapezoid rule has an error of at most 107°. 


Use that e<3 


f(x) 


For the remainder of the worksheet, suppose we have a calculator that can only perform basic arithmetic oper- 
ations (add, subtract, multiply, divide, square root) and we would like to use it to approximate 3. 


2. We know that the area of a unit circle is equal to x. Use this fact to express 7 as a definite integral of some 
function. Graph the function you’re integrating. 
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3. We will compute z by numerically integrating the expression for x from the last part. Consider both 
the midpoint and the trapezoid rule. For each of them, will the numerically computed value be an over- 
estimation or under-estimation? 


4. Numerically compute the value of z using both the trapezoidal method and midpoint method for n = 1, 
n=2,n=4andn= 8. 


Compute the error by comparing with x = 3.1416. 


Although we see that the error is decreasing, why can’t we use the usual error formulas to estimate the 
error based on the number of intervals? 


5. Bonus. In the previous question you computed the error for your approximation by comparing with z = 
3.1416. Why is it kind of “silly” to compute errors this way? 


Worksheet 2: Numerical Integration (A4) MAT187 Calculus II, 2022-01-24 — 2022-01-28 


Worksheet 3 Snowball fight Modules: B1 


1. Calvin builds a snow fort. You are given three facts: 


+ The snow he uses has density of approximately 1 g/cm? (after packing). 
+ The walls of the fort have total surface area (inside and outside) of approximately 50 m?. 
+ The walls of the fort are roughly 8 cm thick at all points. 


Calvin asks you what the mass of his fort is. Provide an approximate answer. 
Why can you only give an approximate answer? 


Note: You now have a formula to estimate the mass of something given its density, surface area 
and thickness. Use this formula for the next questions! 


2. Consider a spherical shell that has radius 3cm, is 0.1cm thick and has uniform density of 7g/cm>. State an 
approximation for its mass. Remember that the surface area of a sphere of radius r is 4rr?. 


Why is this just an approximation? If the density were not uniform, could you still use your formula? 


3. Calvin makes a spherical snowball with a 6 cm radius. The interior is loose slush and the exterior is densely 
packed (this maximizes the unpleasantness of being struck by the snowball). 


The density p(r) = + (7 + dëi g/cm? varies with distance from the centre of the snowball. 


Using sigma notation, write a right-endpoint Riemann sum with n = 12 to approximate the mass of the 
snowball. 


Use the ideas from question 1 and 2. 


After LECtorial: Explain in several sentences the formulas that you produced above. Use full sentences. 
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4. (a) Compute precisely the i = 8 term in your Riemann sum from the previous question, and explain what 
it approximates in the physical context of the problem (a sketch might help). 


Is this term an overestimate or an underestimate of what it approximates, or is there not enough 
information to tell? 


(b) Suppose that instead of using n = 12 to approximate, you wanted to compute the actual mass of 
the snowball. Write down a Riemann sum with n intervals, then write the integral that results from 
taking the limit of this n-interval Riemann sum as n — œ. 
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Tutorial 1 Integration Techniques Modules: A1, A2, A3 


Remember that the questions below are meant for your own practice. 
Do not feel obligated to complete all of them. 


Fundamental Questions 
1. (a) Compute J ree dx where b is any positive number. 


2 2 
(b) You are given that J xf’(2x) dx = 8 and a table of values of f. Find J f(2x) dx. 
1 1 


dx 


2. Find the int | | =. 
(a) Find the integra | 


(b) The upper half of an ellipse centered at the origin with axes a and b 
is described by y = © Ja - x? (see figure). Find the area of the ellipse 


in terms of a and b. ax 


(c) Evaluate / sy dx for x > 3 using partial fractions. 
See Question 4a for a trickier way to solve this integral. 


3. How many coefficients (A, B, C, ...) are needed to set up the partial fraction decomposition of this? 


xX- 3x 48 
(x? = 1)?(x? + 1)(x + m) (x? + x + 1) 


Advanced Questions 


4. (a) Evaluate / e dx for x > 3 using trigonometric substitution. 
Hint: f csc x dx = -ln | csc x + cot x| + C. 
See Question 2c for another way to solve this integral. Confirm that you get the same result in both cases. 


y 
(b) A ball with radius 1 is placed inside a cone that has a vertical slope 
of 1. Determine the cross sectional area of the region underneath the 
ball but within the cone (grey in the figure). 
Hint: Use the fact that the ball must be tangent to the cone. 


1 f 
5. Evaluate = dx where a is a constant. 
x2 +a 


Hint: Consider different possible values of a. 


Several questions were modified from Chapter 7 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 2 Numerical Integration Modules: A4 


Remember that the questions below are meant for your own practice. 
Do not feel obligated to complete all of them. 


Fundamental Questions 


1. Suppose you would like to numerically approximate the integral given by fie e* dx by using either left 
end, right end, midpoint, or trapezoidal approximation. 
We recommend first doing all parts of this question for one method of your choice and then repeat it for the 
others. 


(a) For each method, compute an estimate of the integral using n = 5 subintervals. 
Note: For this question, you can use a calculator to evaluate the exponential function. 

(b) Considering the integrand f(x) = e". find an upper bound for |f’(x)| and Lite on [-3, 2]. 
Note: You do NOT need to find “the best” upper bound, just a reasonable upper bound. The upper bound 
should not be in terms of e. Solve this question without a calculator. In particular, you can’t use “the 
exact value of e”. Instead use the fact that 2 < e < 3. 


(c) For each method, determine a number of intervals n that guarantee an error of less than 107+. 


2. You are an electrical engineer designing a circuit containing a voltage source, resistor, inductor, and capac- 
itor in series. The voltage source is required to force the circuit such that its current is a function of time 
t in seconds: i(t) = e! cos(zt). It is also known that the voltage of the capacitor is given by the integral 
u(t) = 1 fi i(t)dt, where C is a constant. 


(a) Starting from t = 0, at what point in time does the capacitor voltage v(t) reach a maximum? 
Note: This part doesn’t need numerical integration. 


(b) Give an underestimate and an overestimate of the maximum capacitor voltage using n = 10,C = 1 
with either left- or right-end approximation. Justify your choice(s) of methods. 
Note: For this question, you can use a calculator to evaluate the exponential function. 


Advanced Questions 


3. We revisit the same integral fe e dx from Question 1, but only consider using left, right, and trapezoidal 
approximations. 


(a) Which approximation method(s) would you use to determine an overestimate to the integral (as ac- 
curately as possible)? You can use one or several methods for specific reasons. Justify you choice(s) 
of methods. 


(b) Repeat the previous part but for an accurate underestimate. 
4. We want to estimate e cos ei, 


(a) Determine an upper bound for |f’’(x)|. 
Note: You do NOT need to find “the best” upper bound, just a reasonable upper bound. The upper bound 
should not be in terms of e. Solve this question without a calculator. In particular, you can’t use “the 
exact value of e”. Instead use the fact that 2 < e < 3. 


(b) Find a number of intervals n such that the error is smaller than 0.01. 


Several questions were modified from Chapter 7 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 3 Improper Integrals Modules: A5, B1 


Remember that the questions below are meant for your own practice. 
Do not feel obligated to complete all of them. 


Fundamental Questions A5 


1. Consider the family of functions f(x) = $ where p is a real number. For which values of p does the integral 


0 
1 
J zD dx converge? If it converges, what would its value be in terms of p? 
-2 X 
2. Consider integrals /* f(x) dx for several functions as shown on 
the right. The area under the teal (solid) curve is 10. y 
For each of the following, decide if the answer is “finite”, “infi- 
nite” or “we can’t tell”. 


(a) The area under the magenta (dotted) curve is ... 
(b) The area under the orange (dashed) curve is ... 


(c) The area under the cyan (dot-dashed) curve is ... 


3. Consider integrals /* f(x) dx for several functions as shown on 
the right. The area under the teal (solid) curve is infinite. 
For each of the following, decide if the answer is “finite”, “infi- 
nite” or “we can’t tell”. 


(a) The area under the magenta (dotted) curve is... 


(b) The area under the orange (dashed) curve is ... 


(c) The area under the cyan (dot-dashed) curve is... 


4. The magnitude of the force acting on a particle of charge o that is r meters away from another particle 
of charge q is 


Suppose both o and qz are positive, which means the two particles are being pushed away from each 
other (“opposites attract, likes repel”). Use integrals to answer the following. 


(a) The two particles are far apart. You now want to move them to be just 1 meter apart. Put an upper 
bound on the amount of work required for this. Note that the work is done against the force field 
and therefore is given by the integral of —F(r) over distance from r = ator = b. 


(b) Is it possible to move the particles so that they are 0 meters apart? 
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Advanced Questions A5 


5. Does converge or diverge? If it converges, compute it. If not, justify your answer. 


f dx 
3 xvx2-9 


oo I 
cos ` 
6. Does f = dx converge or diverge? Justify in detail. 
1 


Jx 


a | 1 8/3 1 10/3 
7. Does (=>) + (—) dx converge or diverge? Justify in detail. 
= -x 


-x 
8. You are given the following facts about a function f(x). 
(i) f(x) is defined and continuous everywhere, except at x = 0. 
(ii) The value of f(x) is always positive. 
(ii) fa) < 
(iv) f(x) > 4 for 0 < x < 2. 


x2 


(v) f(x) < 4 for7 < x. 


Does / f(x) dx converge, diverge, or is it impossible to tell? 
-3 


9. Show whether is convergent or divergent. 


se 1 
-d 
[. yx +5 zi 
Module B1 


Tutorials this week will focus on module A5 (since lectorials will focus on B1). The following exercise is provided as 


study material so you have more practice questions for module B1. 


10. You are Sylvia Tilly, Engineering Officer on the starship USS Discovery NCC-1031. There is a dilithiunţ!] 


shortage in the entire Universe. Your job is to use the power of math (see https://youtu.be/GtélclzhJsw?t= 


130) to estimate the amount of dilithium left in the entire universe. 


Together with your colleagues from the science division you arrived at the following, observations: 


Firstly, the density of dilithium deposits, at a distance of r billion lightyears from the USS Discovery can be 
modeled by f(r) = 32. Secondly, dilithium deposits aren’t made of pure dilithium. Instead their quality 


r24+1° 
can be modelled as follows: 


For a deposit at the location of USS Discovery, one half of its mass is pure dilithium. 


For a deposit 10 billion lightyears from USS Discovery, one quarter of its mass is pure dilithium 
e The quality of dilithium deposits decreases exponentially with the distance from USS Discovery. 


(a) What are realistic units of f(r)? Make a choice and explain briefly. 
tonnes tonnes/billion lightyears tonnes/billion lightyears? tonnes/billion lightyears® 

(b) Find a function q(r) expressing the quality of dilithium deposits depending on the distance from the 
USS Discovery. What are the units of this function? Explain. 

(c) Write a general Riemann Sum (i.e. keep n general and do not plug in a specific value for n) estimating 
the amount of dilithium within 3 billion lightyears of the USS Discovery. Make sure to explain any 
approximations/assumptions that you make, see B1 — Part 1/2. Do NOT use integrals for this part! 

(d) Assume the universe is infinite. Based on the above model, is the amount of dilithium in the entire 
universe finite or infinite? Explain. For this part only, you may use integrals. 


Several questions were modified from Chapter 7 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 


'Dilithium is a fictional element in the Star Trek Universe that is mined since it is an essential part of every Warp Drive. 


Tutorial 3: Improper Integrals (A5, B1) MAT 187 Calculus II, 2022-01-28 — 2022-02-03 


Tutorial 4 First Order ODEs | Modules: C1, C2, C3 


Remember that the questions below are meant for your own practice. 
Do not feel obligated to complete all of them. 


Fundamental Questions 


1. Consider the following ODEs. Are they linear or not? Are they separable or not? 
very y =tsiny y = ysint y = t+siny y =y+sint 


y = y(t? + 1) y =e y - 2y = 3e pet? = yr +4 y + y = 5sin2t 


2. Consider the ODEs from the previous question. For each ODE, find the general solution as well as the 
solution satisfying y(0) = 0, or give an argument why the solution techniques you learned can't be used. 


3. Consider the ODE y + y = t. Is there more than one integrating factor that can be used to solve it? 


4. The function B(t) describes the number of fans of Beyoncé, where t is given in days. For each of the 
following ODEs, find a common sense reason why it can NOT be the law that governs B(t). 
In each equation, K > 0 is a positive constant. 
B’ = KB B=B-K B=K+B D = 


SIR 


Advanced Questions 


5. Consider this argument: “If a first order ODE is both separable and linear, it's safer to use the integrating 
factor method instead of separation of variables.” Why is this “safer”? Can you give an example of an ODE 
that is both separable and linear, but for which separation of variables creates issues? 


6. Consider this initial value problem: y’ = y’, y(0) = 0. Try solving it with separation of variables. What’s 
the problem? Can you find the solution with a different method? 


7. We will attempt to model how people leave a soccer stadium at the end of a game. We define the radius 
of the populated area in the stadium around an exit as r(t). t is the time in minutes and our observation 
starts at t = 0. 


The flow of people will obey Torricelli’s Law which states that the area of the region occupied by people will 
decrease at a rate proportional to the square root of the radius and also proportional to the size of the exit. 


(a) Use this to create an ODE that models the size of 
the crowd exiting the stadium. Introduce parame- 
ters as necessary. 


(b 


ma 


Classify the ODE from the last part (order, linear- 
ity, separability etc.). Without solving the ODE, 
consider each parameter and each variable: What 
are its units? How does it affect the behaviour of 
the ODE? How is the behaviour of this system af- 
fected if it is very large? very small? zero? 


(c) Find the general solution to the ODE. What is the 
solution if r(0) = 3? 
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8. This is a very sophisticated exercise! A hungry tiger is hiding in a bush at a position (L, 0), intently 
watching a gazelle grazing at the origin. To catch the gazelle, the tiger’s strategy is to run at a constant 
speed and towards the gazelle at all times. The gazelle’s strategy is to run in the positive y direction at the 
same speed as the tiger. The equation of motion of the tiger is represented by the differential equation: 


dy ? dy 
1 x 
i (2) SES 


(a) Apply the substitution z = ay You should now be able to find z(z) and then y(x), which is the tiger’s 
trajectory. 


Hint: f sec 0d6 = In| sec 8 + tan 6| + C. 
(b) Will the tiger ever catch the gazelle? Justify your answer. 
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Tutorial 5 First Order ODEs II Modules: C4 


For your worksheet submission, choose one of the following 
e EITHER do question 1 and question 4 


e OR do question 2 and question 6 


Remember: Your worksheet will not be graded for correctness. 


It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t 
work/what you are unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


f(y) 
1. Consider the ODE 


2 = f(y) = (y - 1} (y - 2)y - 3) 


The phase plot of this ODE is given on the right. 
You can answer this question based on the equation, the phase 
plot, or both! y 


(a) Find and classify the equilibrium points of the differen- 
tial equation. Make sure to justify. 


(b) Consider again the ODE ay = f(y) = (y - 1}(y - 2)(y - 
3) from the previous question. If y(t) is a solution and 
y(0.5) = 2.8, what is lim y(t)? Justify your choice. 


2. Consider the following ODE. You cannot solve it with techniques from this class. 


1 1. 
Jez : 2 sin y 
= —(sin + —e 
y i y) 2 


Without solving it, decide which of the following is a plot of a solution to this ODE. 
y y y y 


(A) (B) (C) (D) 
3. Draw a phase plot for an autonomous ODE y = f(y) such that: 


+ The ODE has three equilibria. 
+ At least one of the equilibria is stable. 
+ NONE of the equilibria are unstable. 


Explain and justify that your phase plot does actually fulfill these requirements. 
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Advanced Questions 


5. “Every autonomous ODE is separable” Is this true or false? Justify. 


f(y) 
6. Consider the ODE y’ = f(y) where f(y) is given by the phase 


plot on the right. 
(a) If y(t) is a solution to this ODE with y(0) = 2.5, then 
lim y(t) = 


(b) Assume y(t) is a solution to this ODE with (0.5) = 2. 1 
Is y concave up, concave down, or neither at the point 


(t, y) = (0.5, 2)? 


f(y) 
7. Consider the phase plot for an ODE y’ = f(y) on the right. In 


a t-y coordinate system, draw a direction field for the ODE. I 


Notes: Your plot can only be approximate, that is okay. Make 
sure to exploit “redundancies” to keep the amount of compu- 1 
tations manageable. 


8. Does the following problem have a solution? Justify. Note that you can’t solve the ODE (and you don’t 
need to solve it to answer this question). 


y= sin(y?) 
y(0)=1 
yl) = z 


9. Below are two direction fields of two ODEs. For each plot and each row, make a choice and justify it. 
“Can’t tell” means that by visual inspection it is impossible to tell. 


Prorom ie oe LAA LP EAD TEM FE EFL FOV SF 
a a ee SOON SLALASS SSS LSS LLALSLLS SSS 
OP Oe me ee yO, PO OL PNM FP POF MEG E 
ae = SSN Pi i ia eg 


SD SES SEN 


KEE 
NS SS SS == 
NN SS = 


SoS Se Se a a 


———_r rr 
I— een ness YS 
Se e e Pe AD A 


E a a 
EE ERR ERE 
EEEE E e E A 
LAA LEU UELLE 


af wë wë wë ef Ge ei 
EE i 
SLALASS SSAA ZS 
ff 


The 1st-order ODE generating this dir. field is... The 1st-order ODE generating this dir. field is... 


O autonomous (O non-autonomous (© can’t tell O autonomous (Q non-autonomous (© can’t tell 


O linear O can’t tell 


O linear 


O non-linear O non-linear O can’t tell 
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Tutorial 6 First Order ODEs III Modules: C5 


For your worksheet submission, choose one of the following 
+ EITHER do question 1 and question 2 


+ OR do question 4 and question 5 


Remember: Your worksheet will not be graded for correctness. 


It will be graded for presentation and effort. 


That means that if you don't know how to solve a question, you can explain what you tried/what didn't 
work/what you are unsure about and still receive full marks. 


Don't be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


1. Consider a 100L tank containing SOL of salt water with a concentration of 1kg/L. Suppose that each second, 
3L of pure water flows into the tank and 2L of the mixture flows out of the tank. The tank is kept well 
mixed at all times. 


(a) Write an IVP that governs the salt content in the tank. Make sure to explain your equation. 
(b) Solve the IVP from part (a). 


2. Now consider the same model as in question 1, but with a “salt buffer” involved. This buffer will add salt 
if the concentration is below 1kg/L and will remove salt if the concentration is above 1kg/L. 


(a) Propose an ODE that would model the salt content in the tank and explain it. If you are using any 
parameters for unknowns, explain what they mean. 


Note that there are many correct ways to set this up. 


(b) Without solving the ODE, answer the following: If at a certain moment there is a salt concentration of 
1kg/L in the tank, and taking into account all effects, is the amount of salt increasing or decreasing 
at that moment? 


3. On a remote island with a population of 1000, there are only two types of people: police officers and 
criminals. Let C(t) be the number of criminals where t is measured in days. 


You are given that the rate of change of criminals is proportional to the number of criminals, but inversely 
proportional to the number of police officers. On the first day, there are 400 criminals. 
(a) Using proportionality constants of 1 whenever needed, write an initial value problem for the function 
C(t) and explain it. 
(b) Solve the IVP to find an implicit equation for C(t). 


(c) What is the maximum number of criminals that can ever be reached? Justify that this number is 
actually reached. 


(d) How many days will it take until this maximum number is reached? 


Tutorial 6: First Order ODEs III (C5) MAT187 Calculus II, 2022-02-28 — 2022-03-04 


Advanced Questions 


4. An object with initial mass 50 kg is dropped from rest in an environment with an acceleration due to gravity 
g = 10m/s?. The force due air resistance is proportional to the object’s velocity with a proportionality 
constant b, also known as the damping coefficient. 


The object is losing mass at a constant rate such that all of the mass is dissipated at t = 100. 


To solve this problem, use Newton’s Second Law of motion, i.e., F = ma where F is the net force acting on an 
object with mass m undergoing an acceleration a. 


Provide an IVP that models the velocity v(t) (NOT the position) of the object. Explain your choices and 
each part of your ODE and the initial value. For what values of t is the solution defined? 


5. (a) Classify the ODE you found in question 4 and explain the general steps of solving it. You do not need 
to actually solve it. Instead explain the general process in words. 


(b) Suppose that until a fixed time 0 < tọ < 100 the object is falling in an environment as described 
above. But after ti, it falls into a new environment with a new damping coefficient bh. Rewrite the 
IVP accordingly. Explain briefly how you would solve this IVP. You do not need to actually solve it. 
Instead explain the general process in words. 


6. Imagine that you are a swordsmith with extensive knowledge of ODEs. You are forging swords. After being 
forged, every sword goes through two cooling steps: First cooling in a water bath, then cooling in air in 
the backyard. 


You just finished forging a sword that will be picked up by a customer soon. We will use degrees Celsius 
for all temperatures and minutes for time. 


Let t = 0 be the time you finished forging the sword and the sword goes in the water bath. Let t = T be 
the time it is moved to the backyard. Assume 0 < T < 10. 


You know the following facts: 


At the end of forging, the sword has a temperature of 1500°C. 

The water in the bath is constantly being replenished during the cooling process, so you can assume 
the water has a constant temperature of 20°C. 

The temperature in your backyard is 30°C (it’s a hot summer day). 

+ You can assume that the cooling constant for steel-in-water is 0.5 L. 

1 


e You can assume that the cooling constant for steel-in-air is 0.1 =x. 


Find an expression for the temperature of the sword after 10 minutes. Your answer to this part should 
depend on T. Justify everything. 
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Tutorial 7 Second Order ODEs Modules: D1, D2, D3 


For your worksheet submission, choose one of the following 
+ EITHER do question 1 and question 5 


+ OR do question 2 and question 5 


Remember: Your worksheet will not be graded for correctness. 
It will be graded for presentation and effort. 


That means that if you don't know how to solve a question, you can explain what you tried/what didn't 
work/what you are unsure about and still receive full marks. 


Don't be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


1. Consider these graphs. Note that the graphs might have different scales. 
y y y 


(A) (B) (C) 


(D) (E) 


(a) Which graph(s) above describe(s) a damped oscillator with no external forces? 
(b) Which graph(s) above describe(s) a solution to y” - 2y + y = 0? 
(c) Which graph(s) above can NOT describe a solution of an ODE of the form 


ay’ + by +cy=0 
2. Consider two differentiable, non-constant functions y,(t) and y2(t) such that: 
(i) y(t) > +o as t > +00 
(ii) y(t) is periodic. 
mn Am = z. 
Is it possible that both y,(t) and y2(t) solve the same constant-coefficient ODE ay” + by’ + cy = 0? Explain. 


3. You're going to build a clock: an oscillator that approximately counts out short periods of time. You're 
given a spring that has damping coefficient b = 2 kg/s and spring constant k = 2 kg/s?, and a 4 kg mass. 


What is the period of the trigonometric functions found in the resulting general solution? This number 
is the quasi-period, and for small values of b it approximates well the actual time between peaks of the 
motion. Why is this just a quasi-period and not an actual period? 
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4. Consider the temperature of two adjacent rooms in a house. Room A has no windows, and room B has 
windows. Denote by A the temperature in room A and by B the temperature in room B. We measure 
temperature in degrees Celsius and time in hours. 


There are three effects affecting the temperature [units are given in brackets for reference]: 


+ Effect 1: The temperature in room A increases/decreases at a rate proportional to the difference in 
temperature between room A and room B. The proportionality constant is 2 [i]. Note that if room 
B is warmer than room A, this means that this effect warms up room A. 


+ Effect 2: The temperature in room B increases/decreases at a rate proportional to the difference in 
temperature between room B and room A. The proportionality constant is 2 [i]. Note that if room 
A is warmer than room B, this means that this effect warms up room B. 


+ Effect 3: Since Room B has windows, the outside temperature (day/night) affects the temperature in 


room B. This effect leads to an additional change in temperature in room B of 3 sin (4) [+]. 


(a) Set up an ODE describing the change in temperature in room A. Explain. 
(b) Set up an ODE describing the change in temperature in room B. Explain. 


(c) Manipulate the two ODEs and combine them to get an ODE that does NOT include B or its deriva- 
tives. In other words, eliminate B completely from the equation. 


(d) Looking at the ODE you found in part (c), relate features of the ODE to the applied context. Here are 
some questions to consider: 
e Is this oscillator undamped, overdamped, underdamped, or criticially damped? 
+ Is this oscillator free or forced? 
+ Looking at the applied context, why do these properties make sense? 


5. Consider the IVP below. Explain — in words and full sentences — the main steps you would follow to find the 
solution to this problem. You are NOT being asked to actually solve it and please do NOT use valuable space 
for computations. Instead describe the general steps of the process in words and full sentences. Use vo- 
cabulary from class (complementary solution, particular solution, characteristic equation, homogeneous, 
non-homogeneous, roots, methods, ...) 


r-t 


t+sint O<t< 
WI e * wm-0 y(0)=0 
mte m<t 


Advanced Questions 


6. Solve the IVP in question 5, using the general steps that you described. 


7. Show that any free, damped system that can be modelled by a 2nd order ODE will tend towards 0. 
In other words show that if y(t) is a solution of ay” + by’ + cy = 0, a > 0, b > 0, c > 0, then lim y(t) = 0. 


8. You are told that y(t) is a function that solves both of the ODEs below. Find this function y(t). 


y” +6y +8y = sin4t 
y” + 16y = e% e 
9. The problem on the right is called a Boundary Value Problem (BVP) — instead 
of an Initial Value Problem — since there is a value given at the starting time 


di 4y 5 8 
t = 0 and at an end time t = t. y +4y +5y=0 


y(0)=1 


Find a value for t, such that this BVP has one unique solution (there are many E 
1) = 


correct choices for ti!) 
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Tutorial 8 Taylor Polynomials and Series Modules: E1, E2 


For your worksheet submission, choose one of the following 
+ EITHER do question 1 and question 4 
+ OR do question 3 and question 6 


None of these questions need module E2, only module E1. However, make sure to also have a look at 
module E2 questions once the module was covered in class. 


Remember: Your worksheet will not be graded for correctness. 
It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t 
work/what you are unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


1. You’re designing a motion-capture sensor. It works as follows: 


From previous motion, you are given the sensor’s position s(t) and velocity. Now, s(0) | 6 
an accelerometer records the acceleration of the sensor. s(t) is measured in me- s'(0) | -8 
tres, t is measured in seconds. To the right is a sensor reading at t = 0. s’(0) | 4 


(a) Given the available data, find the best approximation of the position function s(t) you can produce. 


(b) The sensor you are designing only needs to function when s(t) has three derivatives and the total 
jerk |s” (t)| stays below 12 m/s?. Given these additional facts, until how long after time t = 0 can you 
guarantee that your position approximation has an error of at most 1 cm? 


2. Consider the situation from question 1. Below is a plot of the approximation of the position and two 
dashed lines. You can guarantee that the actual position is within the dashed lines. Based on that context, 
find the formula behind each of the three graphs. 
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3. You have written some code that requires the function cos(x) to be evaluated repeatedly for values of x 
with —0.3 < x < 0.3, but it runs too slowly on the software package you are using. 


Instead of digging deep into the documentation of the programming language, you can replace cos(x) with 
a Taylor polynomial that will evaluate faster. 


What degree of Taylor polynomial could you select that will give you errors of less than 15? 


4. The following is the graph of a function f(x). 


One of the following is the third Taylor polynomial of f(x) centred at x = 2.5. Which one? 
Note: the coefficients are rounded to the fifth decimal. 


(A) p3(x) = -7.85398 — 3.14159(x - 2.5) + 12.9193(x - 2.5) 

(B) p3(x) = -7.85398(x - 2.5) — 3.14159(x — 2.5) + 12.9193(x - 2.5)3 
(C) p(x) = -7.85398(x — 2.5) + 3.14159(x — 2.5) + 12.9193(x — 2.5) 
(D) p3(x) = 7.85398 - 3.14159(x — 2.5) + 12.9193(x - 2.5) 

(E) p3(x) = 3.14159(x — 2.5)? + 12.9193(x - 2.5) 


5. Why does the term n! appear in the formula for a Taylor polynomial? Explain in words, not with formulas. 
6. Assume you know that f(x) is differentiable (as many times as you want) and 


i f(x) has a local maximum at x = -3. 
ii f(x) has a local minimum at x = 3. 
iii f(-3) > 0 and f(3) < 0. 
iv f’(1) = 0 (and this is the only point where f(x) = 0). 


Consider the 2nd Taylor polynomial p2(x) of f(x) centered at x = —3. Find lim,—,.. po(x). Make sure to 
identify which of the provided information you did use. 


7. Find the Taylor series centered at a = 2 for f(x) = L, 
Hint: Try to first find a general formula for f(x). 
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Advanced Questions 
8. Two well known Taylor series (centred at x = 0) are: 


(= UM 2k+1 o0 (= Rapa 
sin x = cosx = ) ———— 
Dan (2k + 1)! 2 (2k)! 
Using these Taylor Series, find the Taylor series (centred at x = 0) of the function f(x) = cos 2x + 2 sin x. 
To do so, combine the series above into one single sum with only one 3. Then find the second Taylor 
polynomial from the series. 


9. You hope to attend a concert of your favourite band, and it piqued your curiosity about safe noise levels 
and their connection to sound intensity. We know that: 


+ Sound intensity is measured in W/cm’. 
+ Noise levels are measured in decibels (abbreviated dB) 
e Noise level associated with some intensity I is given by 


f(D) = 10 log D 


where h is a constant that represents the intensity of some standard benchmark sound. 
Note that “log” stands for the base 10 logarithm, not for the natural logarithm. 


For this question, please note the following: 


The formula for the n-th derivative of f(x) = In x is given by f(x) = (-1)"n!x(™), 

+ The whole point is to approximate without advanced tools. Therefore, only use calculators for basic 
arithmetic (add/subtract/divide/multiply). 

e You may use 2.7 < e < 2.8. 

In the very last step when computing the approximation (and only there!) you can use e = 2.8. 


= 
Di 
— 


(This part does not use Taylor polynomials/series) Determine the exact value for the increase in deci- 
bels if a sound's initial intensity, I, is multiplied by a factor of e (i.e., the sound's intensity almost 
triples). Express you final answer in terms of the natural logarithm “In”, NOT base 10 logarithm “log”. 


(b 


ma 


Use the Taylor polynomial of f(x) = In x at an appropriate centre to approximate the value of the 
logarithm in your answer from part (a). Use enough derivatives such that the error is less than 10°. 
Then use this approximation to provide an estimate for the change in decibels. 


Several questions were modified from Chapter 10 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 9 Testing and Manipulating Power Series Modules: E3, E4 


For your worksheet submission, choose one of the following 


+ EITHER do question 2 and question 8 
(Q8 uses content from the PCEs for the second class on module E4 that happens THIS week) 


+ OR do question 3 and question 6 
(Q6 only uses content from the first class on module E4 that already happened LAST week) 


Remember: Your worksheet will not be graded for correctness. 
It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t 
work/what you are unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


x 
1. Kim and Kristen are working on the Fresnel integral S(x) = I sin(t”) dt which frequently arises in 


0 
applications. Kim showed Kristen the two power series below, and Kristen has forgotten which one con- 
verges to S(x) on its interval of convergence. Help her decide which one it is. Make sure to explain your 
choice in words in a way so that a fellow student of yours can understand it. 

Ke (- 1)”x 4n+3 Ke (- E 4n+3 


(a) 2 Gaz nines) 4 (2n + 1)\(4n + 3) (b) Here 4 (2n + 3)'(4n + 3) 


2. Find the radius of convergence for the power series (a) above in Question 1. 
During this exercise, you will need to take a limit. Please provide an explanation in words why the limit is the 
one that you claim, i.e. what is constant, what changes, why it is approaching a certain number... 


00 


3. Kristen has discovered that a certain power series P(x) = >» an(x - 3)” represents a solution to an ODE 
n=0 
she is interested in. 


(a) Kristen already knows that this series converges when x = 10, and she concludes from this that it 
also must converge when x = —2. Is she allowed to make this conclusion? 

(b) Independently, Kim already knows hat the series diverges when x = 14. Mimicking Kristen, he 
concludes that it must also diverge when x = 11. Is he allowed to make this conclusion? 


4. Kim and Kristen are sharing a calculator that doesn’t have buttons for inverse trig functions. Kim wants 
to approximate the value of arctan(2) by using the Taylor series for arctan(x) at x = 0, which is 


ES ey 
2n+1 


n=0 
100 2n+1 
. . (-1)"(2) 
His pl to plug Pioo(2) = A —————_— 
is plan is to plug Pioo(2) H SS 
and says this is a bad plan. How could Kristen be so certain about this? 


into his calculator. Kristen does a quick calculation by hand 


5. Find the first three terms of the Maclaurin series for e* such that you arrive at a 2nd order polynomial. 
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Advanced Questions 


6. Consider an oscillator described by the following IVP: 
y” -2ty et y0)= 1,50) =0 


(a) Why can we not use D-module techniques to solve this IVP? 


(b) Let's try to use E-module techniques to solve this IVP. Can you find the 4th Taylor polynomial of the 
solution centred at t = 0? 
Note that we are only looking for the 4th TP, not for the entire Taylor Series! 


7. Determine the exact value of the following series: 


8. One of the most important formulas in probability theory is given by the normal distribution function, and 
an example of one is given below: 


D1 ow 
Pas x=b)= f ms 


This states that the probability that a variable x will be between the numbers a and b is given by the 
definite integral above. 


(a) Using the Maclaurin series for e*, derive an infinite series expression for the probability that x is 
between 0 and 3. 


(b) Calculate the probability above to within an error of only 0.001. Hint: Try starting at n values at 10 or 
more. 


9. (a) Use a power series to find a solution to the IVP x?y” + xy’ + x?y = 0, y(0) = 1,y/(0) = 0. Hint: 
Assume a general form for the solution y(x), plug it into the ODE, then manipulate it until you have one 
summation term. 


(b) For which values of x will the power series solution converge? 


Several questions were modified from Chapter 10 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 10 Parametric Equations Modules: F1 


For your worksheet submission, choose one of the following 
+ EITHER do question 1 and question 3 
e OR do question 1 and question 4 


Remember: Your worksheet will not be graded for correctness. 
It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t work/what you are 
unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


1. Consider a particle following a “Lissajous” trajectory that is given by the parametric equations 


x = sin4t 
: Os tis 271 
y = sin3t 


Assuming that the x-axis is left/right and then y-axis is down/up, state one moment in time t during which 
the particle is moving left and up at the same time. Justify your answer. 


2. Consider the following curves given by parametric equations. 


(i) x = cos2t, y = sin 2t,0 < t < x (iv) x = cos 2t, y = cos 2t,0 < t< x 
(ii) x = cost, y = sin t,0 < t < im (v) x = cost, y = sint, 0< t< 


(iii) x = sin t, y = cos t,0 < t < 27 


(a) Which parametric equations produce the same shapes when plotted in an xy-coordinate system? 


(b) Plot each set of parametric equations, including the arrows signifying their directions. 


3. We're going to write an equation for a parameterized a SS 
curve that is similar to the cycloid. NW d 
Take a fixed circle (grey) of radius 1 with centre at the ` i 
point (-1,0). KK, 

Now consider a wheel, also of radius 1 m and give it an (-1. 0) 


initial position touching the fixed circle, so the hub of 
the wheel is initially centered at (1, 0). 


There is a light affixed to the rim of the wheel, initially Grey circle is fixed. 
at (0,0). The wheel rolls around the grey circle counter- Solid circle is the wheel at start. 
clockwise. This will also make the light move along a ` Dashed circle is the wheel shortly after start. 
path. Large black dot represents the light. 


(a) Consider the position of the hub of the wheel. Find a parametrization of it. 
(b) Consider the position of the light relative to the hub. Find a parametrization of it. 


(c) Use the results from part 1 and 2 to write a parametrization of the position of the light. 
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4. In this question, you are asked to model the path of the moon (i.e. earth's moon) relative to the sun (i.e. our 
solar system’s sun). We are making the following assumptions (that are significant simplifications from 
the actual astronomical situation!) 


(i) The sun is at the origin, we measure x and y in gigametres (Gm). 
(ii) We consider this as a planar model, i.e. we assume that everything moves in the xy-plane. 
(iii) The orbit of earth around the sun is a circle of radius 150 Gm with the sun at the centre. 
(iv) The orbit of the moon around the earth is a circle of radius 0.4 Gm with the earth at the 
centre. 
(v) All orbits are considered to be followed clockwise. 
(vi) We measure time t in years. 
(vii) We assume that it takes earth exactly one year for one rotation around the sun. 
(viii) We assume that the moon rotates around earth exactly 12 times within one year. 


(ix) Initially, sun, earth and moon are all on the x-axis, in the order moon-earth-sun (from left to 
right), i.e. moon and earth start on the negative x-axis. 


(a) Using your knowledge about the solar system and/or a quick internet research, name at least two 
ways in which our simplification doesn’t match the actual astronomical setup of sun, earth and moon 
(there are more than two, but no need to list all of them, two major ones is enough). 


(b) Show that the parametric equations xm(t), yy(t) that describe the path of the moon over the year 
are given by 


xu(t) = -150 cos 27t — 0.4 cos 247t 
ym(t) = 150 sin 27t + 0.4 sin 247t 


In other words, explain how these equations fulfil each of the conditions listed above. 
You are encouraged to explain with one or several pictures. 


5. Consider constants a, b, c, d such that a? + c? = b? + d? = R? and ab + cd = 0. Show that the parametric 
equations below describe a circle of radius R. 


x = acost+ bsint 


y = ccost+ dsint 


Advanced Questions 


6. Consider again the particle from question 1. Find all times t during which the particle is moving left and 
up at the same time. 


7. Refer to the parametric equations for the moon given by Question 4b. For the purposes of our model, we 
say that there is a “solar eclipse” whenever the moon is exactly on the line segment between sun and earth. 
How many solar eclipses are there within one year and at what exact values of t do they occur? 


8. A colony of ants is marching according to the trajectory x = cost, y = sin 3t. First draw t vs. x and t vs. y 
graphs. Then use these plots to plot the overall x vs. y graph to visualize trajectory of the ants. Determine 
all coordinates (x, y) on the path at which the ants are facing directly in the horizontal or vertical direction. 


Several questions were modified from Chapter 11 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 11 Polar Coordinates Modules: F2, F3 


For your worksheet submission, choose one of the following 
e EITHER do question 1 and question 4 
+ OR do question 2 and question 3 


Remember: Your worksheet will not be graded for correctness. 


It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t work/what you are 
unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 


1. Match the following graphs with their polar representations. Make sure to explain your choice, referencing 
the overall behaviour of the curve and not just one single point. Instead of just saying “[...] matches [...] 
because it’s the only plot going through the point [...]”, explain the overall behaviour of the plot. 


(A) 2 (B) i (C) z 


(D) 


vn rb 


(E) 2 (F) A 


(i) r= 3cos0+1 EE 
(ii) r= 28 (v) r = 2cos(50) 
(iii) r = cos 0 - 2 sin 0 (vi) r=1-sin0 


2. (a) Consider the cardioid described by r = 2-2 cos(0). Use the polar-rectangular conversion formulas to 
create a parametrization x(0), y(0) that describes the motion of a particle along this cardioid. Sketch 
the cardioid and indicate the orientation of your parametrization. 


(b) Find an expression for the slope of the cardioid as a function of 8. Sketch the tangent line for 0 = 7. 
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3. To the right is a plot of four curves A, B, C, D in the @-r plane. You are 
asked to do the following: 

e In an x-y-plane, draw the same four curves by translating from 
polar to Cartesian coordinates. 

+ Label the four curves A, B, C, D. 

+ Below, write a text in words, imagining you have to explain your 
work to a fellow student. Convince them that your plot on the 
right is in fact correct by highlighting details. Focus not just on 
specific points but also the overall behaviour of the plot. 


4. Consider a boat propeller with the shape r = 1.5 + cos(36). 


(a) Plot this curve in the x-y plane, briefly explaining why the shape looks the way it does. 

(b) We can fit a circle centred at the origin inside this curve. What is the maximum radius of such a 
circle? Justify your answer. 

(c) What is the area of one blade of the propeller excluding the centre circle found in part a? Justify your 
answer. 


5. In professional settings, we usually do not want a microphone to pick up all noise around it. Instead we 
want to pick up noise in a desired direction (or set of directions). 


Usually the performance of a microphone in a certain direction is measured in terms of attenuation, which 
is measured in (negative) dB and quantifies a reduction in signal strength. 


Today, we will instead express attenuation in relative terms. For example, r = f(0) = 0.5 means that in the 
direction 6, the microphone is picking up sound at half the maximum level. The resulting graph r = f(0) 
is known as the polar pattern of the microphone. 


(a) An omnnidirectional microphone picks up sound at the maximum level in all directions. Draw the 
polar pattern of such a microphone in the diagram below on the left and express it as a function 
r = f(0). 

(b) One of the most common microphone types is the cardioid mic. A graph depicting its polar pattern 
is shown below on the right. 


Express the performance of this microphone in words. Then find a function r = f(@) describing this 
microphone’s polar pattern. 


7/2 1/2 


37/4 m/4 


0.25 - 0.5 10.75 1 


57/4 77/4 


37/2 37/2 
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6. (a) Find all points of intersection between the polar curves r = 1 + 2 sin? 0 and r = 2 - sin 6. 


(b) Find all points of intersection between the polar curves r = 1 + cos 0 and r = cos 0 - 1. 


7. (a) Find the Cartesian form of the polar curve given by r? = SC, 


(b) Find the polar representation of the line y = mx + b. 


Advanced Questions 


8. Let us revisit Question 5. 


(a) Consider a studio interview situation with one microphone that needs to pick up the voices of both 
the interviewer and the interviewee, who are sitting on opposite sides of the table. 


Construct a desired polar profile for this microphone. 
Find a function r = f(@) describing such a profile. 
(b) Consider the profile of the interview microphone in part a, also known as a bidirectional microphone. 


Assume that there is an equal amount of noise coming from all directions, but that the only “useful” 
noise is that coming from the angle ranges E 3z] and E Tz], 
Find an expression for the ratio of “useful” to “useless” noise that is picked up by the microphone. 


9. You are an audio engineer who is busily preparing for an orchestra, and you just ordered a microphone 
which is able to pick up sound within a cardioid region. The plan is to place the microphone 2 metres away 
from the front and center of a rectangular stage. In the provided diagram, the microphone is at the origin, 
and the front center of the stage is located at (x, y) = (0, 2). The cardioid characterizing the microphone is 
given by the polar equation r = 4(1 + sin 0) metres. 


(a) Find a polar equation that represents the front edge of the stage (i.e., the edge that intersects the 
cardioid). 

(b) Find the area within the stage where the musicians must be placed in order to maximize the amount 
of sound captured by the microphone at the origin. 


Several questions were modified from Chapter 11 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 
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Tutorial 12 Vector Valued Functions Modules: F4-F7 


For your worksheet submission, choose one of the following 
+ EITHER do question 1 and question 4 
e OR do question 3 and question 5 


Remember: Your worksheet will not be graded for correctness. 
It will be graded for presentation and effort. 


That means that if you don’t know how to solve a question, you can explain what you tried/what didn’t work/what you are 
unsure about and still receive full marks. 


Don’t be afraid to take an exercise you find more tricky. That way you can get feedback on it! 


Fundamental Questions 
1. You would like to design a winding flight of stairs which follows the path of a helix. The radius of the 
staircase should be 2 m. After one rotation, the stairs must rise by 20 m (to make sure that people can 
walk the stairs upright). The total height of the staircase must be 50 m. Design a parametric curve r(t) 
describing such a helix. 


2. Your name is Michael Burnham, science officer on the starship USS Discovery. You are bored and decide 
to pass the time by throwing a ball in the break room. 


Denote the path of the ball by F (t) = <x(t), y(t)), where the y-direction is up/down. 


e Time is given in seconds. Distance is given in metres. 

The ball’s initial position is 7 (0) = <0, 1.5). 

The ball has an initial speed of 20 m/s and an initial angle 0 = 7/6 with the horizontal. 

The artificial gravity on USS Discovery is unstable, which means the magnitude of the gravitational 
acceleration is fluctuating, as given by g(t) = 10 + sin t (in m/s’). 

The drag due to air resistance is proportional to —r’ with proportionality factor 0.25 kg/s. 

The mass of the ball is 0.5 kg. 


(a) What is 7’(0)? Explain. 


(b) Keeping in mind Newton’s Second Law, find an equation involving r’(t) and r’’(t) incorporating the 
above facts. Explain. 


This question continues with more parts on last year’s final exam, using C-module techniques. Have a look! 
3. Barry B. Benson the bee is flying along the path given by: 
F(t) = (sin t - t cos t, cos t + tsin t, tY t>0 


You can use the following during tutorial, but you are encouraged to verify the calculations afterwards: 


> 1 
D(t) = r’(t) = ltsint,tcost,1Y T (td = ———<tsint, t cos t,1) 
(t) (t) (t) Tee 
= 5 = Vtt +t +1 
a(t) = F” (t) = «sint + t cos t, cos t - t sin t, 0Y |T ’(t)| = a 
+ 


(a) Barry is very afraid of tight turns. Describe Barry’s level of fear over time in words. 


(b) Write the acceleration in term of tangential and normal components. Note that you do not need to 
find an explicit expression for N(t) to do so. 
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4. A cyclist is riding a bike along the path 


r(t) =<x(t), y> «Os ts5 


as plotted on the right. 
Time is given in seconds, distances are given in metres. 
Note that you can NOT find the explicit equation for r(t) given the 
limited information. You can (and must) answer this question with- pă 
out the equation for r(t). r(t) 
The cyclist is prudent, which means they will slow down heading 3m| t=3 
into the curve. => 
3m 


You are given that d (0) = (0,0) and that their speed at t = 0 is 8 m/s 
and their speed at t = 5 is 3 m/s. 
(a) Draw a plausible graph of the curvature x(t) and justify your graph. Make sure to label the axes. 


(b) Draw a plausible graph for the tangential acceleration ar(t) and justify your graph. Make sure to 
label the axes. 


(c) Consider the normal acceleration ay(t). Estimate ay(0), ax(3), and ay(5). Justify your answer. 


5. For each of the following statements about a smooth parametric curve F (t), decide if they are true or false. 
If the answer is true, explain why it is always true. 


If the answer is false, provide an example that shows that it is false. 


(a) If an object moves along ř(t) for a < t < b with constant speed S, the distance between the point r(a) 
and the point F(b) is S(b - a). 

(b) If we reparametrize a curve (and maintain the same direction from start point to end point), the unit 
tangent vector T at each location remains the same. 


(c) If S? F'(t)dt = 0, then LU ||?’(z)||dt = 0 must also be the case. 
(d) If S? \\7"(t)\|dt = 0, then U Sdt = 0 must also be the case. 


6. Consider again the winding staircase from question 1. Find the total distance one must traverse when 
climbing this staircase. 


7. Consider an object moving on the cycloid F(t) = <t - sin t, 1 - cost) for 0 < t < 47. 


(a) Find the velocity and speed of the object. At what point(s) on the trajectory does the object move 
fastest? Slowest? 


(b) Find the acceleration of the object and show that ||a(t)]| is constant. 


(c) Explain why the trajectory has a cusp at t = 27. 


8. Consider the parametric curve r(t) = <t, sin(ct)), where c > 0. Compute the curvature x of this curve at 
the point =. If c increases, does x increase, decrease, or not change at all? 


Verify your observations by plotting the curve. 


9. A train is following a trajectory given by F(t) = (517, 1012) km where t is the time in hours. 


(a) Find the position of the train after it has travelled 50 km and 100 km. 


(b) What is the average speed of the train between these two positions? 
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Advanced Questions 


10. Consider this statement: “At a point where the curvature is zero, we can't find the principal unit normal 
vector. It doesn’t make sense.” 


Explain/justify this statement in words, using the geometric meaning of the principal unit normal vector. 


11. A cycloid is the path traced by a point on a rolling circle (think of a light on the rim of a moving bicycle 
wheel). The cycloid generated by a circle of radius a is given by the parametric equations 


x = a(t - sin t), y = a(1 - cos t) 


(a) The parameter range 0 < t < 27 produces one arch of the cycloid. Show that the length of one arch 


of a cycloid is 8a. Hint: sin i =+, 20 — cos t) 


(b) Suppose we want to determine the position of the point on the circle after it has travelled a distance 
d < 8a. Find an expression for the position of the point. 


12. A projectile is launched from the origin with an initial horizontal velocity up and an initial velocity vo 
moves in a parabolic trajectory given by: 
1 2 
x = Wt, y = -38t + wt,t > 0 
where air resistance is neglected and g = 9.8 m/s? is the acceleration due to gravity. 


(a) Let u = 20 m/s and vp = 25 m/s. Assuming the projectile is launched over horizontal ground, at what 
time does it return to Earth? 


(b) Find the integral that gives the length of the trajectory from launch to landing. 


(c) Evaluate the integral in part (b) by first making the change of variables u = -gt + up and also using 
the fact that: 


[sec 0d0 = Z (sec Otan 0 + In|sec 0 + tan 0|) + C 
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A projectile motion question that has it all 


This question is rather large in scope, but it covers virtually all the bases regarding projectile motion and also loops 


in C module techniques. 


13. In this question, we will study the physics of basketball shots. We 
will use differential equations in vector form to predict the basket- 
ball’s trajectory. Start by watching the video bere to see a typical 
free throw. The initial speed (not velocity!) of the ball is vw and its 
mass is m. Refer to the diagram for all other quantities. We consider 
only three forces acting on the ball: 


(1) gravity (9.8 m/s?) 

(2) drag due to air resistance (proportional to - 0) 

(3) the Magnus effect (see an explanation Der and another example 
here) 


If backspin is applied, the Magnus effect generates a force in the di- , 
rection of the cross product @ x 5, where @ = (1,0,0) is the ball’s 
axis of rotation. 


hoop 


(a) Write a differential equation in vector form for the trajectory r(t) = <x(t), y(t), z(t)) of the basketball. 


Your equation should include two positive proportionality constants k; and ky. 


KEE , , PER , , d+ , 
<x" (0), y'(0), z(0)) = < , , > 
<x(0), y(0), z(0)) = < , , > 


(b) Do you think the Magnus effect will cause the basketball to travel higher or lower than if there were 


no such effect? Explain in words. 


(c) Ignore the Magnus effect. You should now be able to obtain three ODEs, one each for x(t), y(t) and 


z(t). Solve them, assuming m = 1 and drag coefficient 0.25. 
(d 


wa 


initial speed vp results in the ball making it to the hoop? 


Several questions were modified from Chapter 12 of Calculus for Scientists and Engineers by Briggs, Cochran, and Gillett. 


Ignore the Magnus effect and drag. Suppose that 0 = 2/3, H = 3m, h = 2 m, and d = 4.5 m. What 
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